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VWXYZ[\]^ Z^W _Y\[`aba cb[Z^Y Zb^ W^^[[^Y d\e[^Y XYZ Z^W fXYghbiYac ^]Wbj k l^XhmXh\]^ n bWZ o\Y
Zb^ pi[[ahqYZb]g^bh Z^W W^^[[^Y d\e[^Y Ybreh o^eW ^st[bmbh c^hiY^Y u aiYZ^WY ab^ ^bYv\re c^YXhm^Y u
W^^[[^ d\e[^Y ^Wv\eW^Y wrex[^W \[a yXYgh^ \Xv Z^W d\e[^Y]^W\Z^Y u \[a XY^YZ[bre^ z^mbo \[cWxre^ k
z^W fXYghbiYac ^]Wbj bah c ^b Z^Y wrex[^WY ivh YXW are[^reh {^W\Yg^Wh u ab^ g^YY^Y n^Yb]^ yWihih`t ^Y
|}iWo \[t\W\c ^[~ u a^e^Y �^Wh^h\c ^[[^ u VW\te u fXYghbiYa][^breXY] YXW bai[b^Wh k �`tabre^ f^e[{iW�
ah^[[XY]^Y abYZ � z^W VW\te ^bY^W fXYghbiY oXaa Zb^

x
� XYZ Zb^

y
�_rea^ areY^bZ^Y u Zb^ fXYghbiYa�

][^breXY] oXaa
x
XYZ

y
^Yhe\[h^Y ^hr k

wren b^Wb] bah are[b^�[bre Zb^ � bYvxeWXY] hW\Yam^YZ^Yh^W fXYghbiY^Y �
��" !��������)����!� � �k � bYvxeWXY] ZXWre ah^hb]^ fiWha^hmXY] � p^W\[[]^o ^bY^WXY] Z^W c ^�g\YYh^Y yih^YmW^]^[Y u fXYghbiY\[][^breXY]

f(x + y) = f(x) · f(y)
k

� k _Yn^YZXY]aiWb^Yhb^Wh^W dX]\Y] � wh^hb]^ p^WmbYaXY] {iY �\tbh\[ i kq k
�!+�#����)$�)����!� � �^bah � bYvxeWXY] \[a �og^eWvXYghbiY Z^W �stiY^Yhb\[vXYghbiY u o �][brenqW^ \c^W \Xre

lnx :=
∫ x

1
dt
t

k
�#�+!�!���#�$��� �)����!��� � � bYvxeWXY] xc^W zW^b^rgac ^mb^eXY]^Y u � bYe^bhagW^ba u �ihb{\�hbiY ZXWre wren bY]XY]a{iW]qY]^ k z\W\Xv \Xvc\X^YZ n^WZ^Y Z\YY \[[]^o^bY^ fXYghbiYa^b�

]^Yare\vh^Y \c]^[^bh^h k
���� ��� ��� ������ ��� �� �¡¢ ai[[h^Y Ybreh XYh^Wareqhmh n^WZ^Y u Z\ Z^W _ttWisbo \hbiYa]^Z\Y�
g^ ^bY^ vXYZ\o ^Yh\[^ £Z^^ Z^W _Y\[`aba Z\Wah^[[h u XYZ mXZ^o ai[re^ ¤c^W[^]XY]^Y c^W^bha bY Z^W
� bhh^[ahXv^ |£h^W\hbiYa{^Wv\eW^Y mXW ¥^ahbooXY] {iY π

~ {iWgioo^Y |
→ ¦§ ¡�¨�§ �¡�� ¡§ ~ k wren b^�Wb]g^bh^Y c^W^bh^Y Z^Y wrex[^WY Z\c^b {iW \[[^o Zb^ lqXvXY] {iY ©X\YhiW^Y XYZ XYmXW^bre^YZ^

�^YYhYbaa^ cm][ k �Y][^breXY]^Y k ª^reY^W^bYa\hm ^Wo�][breh YXY \c^W ^bY^Y o ^eW atb^[^Wbare^Y dX�
]\Y] mX Z^o �e^o \ u nic^b e b^W XYc^ZbY]h \Xv yWic[^o ^ o bh Z^W ª^reY^W]^Y\Xb]g^bh mX {^Wn^ba^Y
bah « fiWo \[^ wren b^Wb]g^bh^Y g\YY o\Y ZXWre fiWoX[b^WXY]^Y n b^ ¬v\ah \[[^ fi[]^Y][b^Z^W oxa�
a^Y kkk­ \co b[Z^WY u mX c^hiY^Y bah \Xre u Z\aa Z^W VW^Ymn^Wh \Xre bo ® ^n^b[b]^Y �^Wh^c^W^bre [b^]^Y
oXaa k
_Xv VWXYZ v^e[^YZ^W _Yn^YZXY]^Y n bWZ Z^W ¦���¡�¯ �¡�° �� �¡¢ ivh Ybreh c^e\YZ^[h k �hn\a [^breh^WvxW Zb^ wreX[^ bah Zb^ fi[]^YZ^±YbhbiY k
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z^W _c[^bhXY]ac ^]Wbj g\YY tWbYmbtb^[[ \Xv mn^b^W[^b _ Wh ^bY]^vxeWh n^WZ^Y �

• �YZ^WXY]aW\h^ � � bhh[^W^ �YZ^WXY]aW\h^ f(x)−f(y)
x−y

cmn k f(x+h)−f(x)
h

k _ [a ¥^btb^[ g\YY o\Y
^bY f\eWm^X] c^hW\reh^Y u Z\aa o \sbo\[ ^bY^ wh^b]XY] {iY �� � xc^W[^ch XYZ ^bY^Y |fXYghb�
iYa~¥^W] c^hW\reh^Y � gbtth Z\a f\eWm^X] Xo �

• � bY^\W^ _ttWis bo \hbiY � l b^W ]^eh ^a Xo Zb^ ithbo \[^ [bY^\W^ _ttWisbo b^W^YZ^ u atWbre u Zb^�\Y]^Yh^ k _Ya\hm nqW^ Z\YY
f(x + h) = f(x) + m · h + R(h)

k fxW Zb^a^Y � bYahb^] atW^re^Y
Zb^ ¥^Z^XhXY] Z^a � bY^\Wbab^WXY]agiYm^tha bo _[[]^o ^bY^Y u \Xre Z\aa abre Zb^a^ z^±YbhbiYvxW fXYghbiY^Y o ^eW^W^W p^WqYZ^W[bre^W c ^aa^W {^W\[[]^o ^bY^WY [qaah k V^W\Z^ n^b[ \c ^W Z\a
ª^ah][b^Z o bh wreX[o \he^o \hbg YXW aren^W mX c^e\YZ^[Y bah u e\h abre e^XhmXh\]^ ^Wah^W �^]
ZXWre]^a^hmh k

� brehb] bah u Z\aa o \Y \Xv ® ^Z^Y f\[[ o bh Z^Y wrex[^WY ^bY ¬ ]W\± are^a _c� XYZ _X	^bh^Y­ ZXWrevxeWh u
n^b[ Z\ZXWre g\[gx [e\vh^ XYZ bYe\[h[bre�\Yare\X[bre^ _at^gh^ {^WgYxtvh n^WZ^Y k
z b^ _c[^bhXY]aW^]^[Y n^WZ^Y vi[]^YZ^Wo \�^Y ^bY]^vxeWh �

• �iYio^ xn
� xn

−an

x−a
= (x−a)(xn−1+axn−2+...+an−1)

x−a
...
iZ^W (x+h)n

−xn

h
= xn+nhxn−1+h2

·X
h

...
k

•
�XWm^[ � � a bah

(
√

x + h +
√

x) ·
√

x + h −
√

x) = (x + h) − x = h
u niW\Xa Zb^ _c[^bhXY] vi[]h k

•
yWiZXghW^]^[ ^hr k g\YY o\Y ZXWre ]^arebrgh^a �W]qYm^Y
�Wn^bh^WY \Xa Z^o zbj^W^Ym^Y�Xi�
hb^Yh^Y e^W[^bh^Y k

•
� bYg^[vXYghbiY^Y � l b^W YXhmh o\Y Zb^ _ZZbhbiYahe^iW^o ^ u m k¥ k vxW

sin(x + h) = ...
k

•
�stiY^Yhb\[vXYghbiY � wren b^Wb]^W u o \Y oXaa {iW\Xaa^hm^Y u Z\aa

limh→0
eh

−1
h

^s bahb^Wh k

• �i]\WbheoXa � �Yhn^Z^W xc^W \[[]^o^bY^ _c[^bhXY] {iY �og^eWvXYghbiY^Y u iZ^W ZbW^gh ln (x+h)−ln x

h
=

ln (1−h

x
)

h
· x

x
= 1

x
·

ln (1−h

x
)

h

x

u XYZ {io [^hmh^Y f\ghiW Ybooh o\Y n b^Z^W \Y u Z\aa ^W ]^]^Y �
]^eh k

� \Y g\YY c^b c ^bZ^Y �^hmh^W^Y \Xre Zb^ wh^hb]g^bh Z^W fXYghbiY^Y Yxhm^Y XYZ Z\YY m k¥ k Z^Y[^hmh^Y _XaZWXrg ZXWre �Wa^hm^Y {iY
h
x
→ 1

n

\Xv
ln (limn→∞(1 + 1

n
)n)
mXWxrgvxeW^Y k

}\reZ^o o\Y xc^W Zb^a^ �^Wgm^X]^ {^Wvx]h u n bWZ o \Y ab^ � bYa^hm^Y u Xo fXYghbiY^Y cm][ k �i�YihiY b^ u � WxooXY] u �shW^o \ XYZ �^YZ^ah^[[^Y mX XYh^WaXre^Y k
_ [a _Yn^YZXY]^Y cb^h^Y abre {iW \[[^o �shW^on^Wh\Xv]\c ^Y \Y XYZ _Xv]\c^Y mXW fXYghbiYac ^�
ahbooXY] \Xa ]^]^c ^Y^Y �shW^o \ X kq k
�^bh^W^ _Yn^YZXY]^Y g�YY^Y £Yh^Wti[\hbiY XYZ _ttWis bo \hbiY |�\`[iW u }^nhiY~ a^bY k

� .���������2/����
yWbYmbtb^[[ c b^h^Y abre mn^b dX]qY]^ mXo £Yh^]W\hbiYac ^]Wbj 
 \Y �

•
f[qre^YbYe\[ha\at ^gh � V^aXreh bah Z^W f[qre^YbYe\[h ^bY^a {iY ^bY^W ª\YZgXW{^ c ^]W^Ymh^Y
V^cb^h^a k

•
wh\oovXYghbiYa\at^gh � dX ]^] k |ah^hb]^W~ fXYghbiY

f
bah ^bY^ fXYghbiY

F
]^aXreh o bh

F ′ = f
k
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�^]^Y Z^a l\Xtha\hm^a Z^W z bj^W^Yhb\[� XYZ £Yh^]W\[W^reYXY] ab^eh o \Y u Z\aa c^bZ^ dX]qY]^ [^hmh�
[bre ][^bren^Whb] abYZ k � \Y g\YY {^WaXre^Y u ab^ XYh^W Z^o ¬�XoX[\hbiYa\at^gh­ mX {^W^bY^Y u Z\Y^]\hb{^ f[qre^YbYe\[h^ ah^ha wren b^Wb]g^bh^Y {^WXWa\re^Y k �XoX[\hbiY c^Z^Xh^h Z\c^b _XvaXo�
o b^W^Y u XYZ ^bY � bYvxeWXY]ac ^batb^[ nqW^ bY Zb^a^o wbYY^ Z\a fi[]^YZ^ �
V^]^c ^Y a^b ^bY h^b[n^ba^ o bh �\aa^W ]^vx[[h^a �\aa^Wc ^rg^Y o bh dX	X� XYZ _c	X� u XYZ XYh^W
{^Wareb^Z^Y^Y _Xa]\Y]aabhX\hbiY^Y ai[[ Z b^ o io^Yh\Y bo ¥^rg^Y c^±YZ[bre^ �\aa^Wo ^Y]^ c^�
areWb^c ^Y n^WZ^Y k � bYv\reah^ fq[[^ abYZ giYah\Yh^W dX	X�
_c	X� k
z\c^b c ^ic\reh^h o\Y \Xre u Z\aa Zb^ dXY\eo^ Z^W �\aa^Wo ^Y]^ o bh Z^W �YZ^WXY]aW\h^ Z^a dX�XYZ _c	X�^a mXa\oo^YeqY]h u o \Y ^Weq[h ^bY^Y dXa\oo^Ye\Y] mXW wh\oo vXYghbiY k wre[b^�[bre
bah ^bY^ a\Xc^W^ z^±YbhbiY Z^a ª b^o \YYbYh^]W\[a {iY ¥^Z^XhXY] k
�^YY o \Y YXY Z^Y dXa\oo^Ye\Y] mn bare^Y fXYghbiYan^Wh XYZ ^YhatW^re^YZ^W f[qre^ XYh^W
Z^W _c[^bhXY] ]W\±are {^W\Yare\X[bre^Y n b[[ u hXh o \Y abre aren^W u n^YY o \Y mX{iW Zb^ _c[^bhXY]
\[a �\Y]^Yh^Yah^b]XY] ^bY]^vxeWh e\hh^ k l b^W bah Zb^ [ig\[^ �YZ^WXY]aW\h^ c ^aa^W mX ^Wg^YY^Y k
_W]Xo^Yh\hb{ g\YY o \Y Z^Y l\Xtha\hm n b^ vi[]h c ^]WxYZ^Y � �Wah m^b]h o\Y

F ′ = f
u \Y are[b^�^YZ

vi[]^Wh o \Y o bh c ^[ k £Yh^W{\[[^bYh^b[XY] �
∫ b

a

f(x) dx ≈

n
∑

i=1

f(xi−1)·(xi−xi−1) =

n
∑

i=1

F ′(xi−1)·(xi−xi−1) ≈

n
∑

i=1

F (xi) − F (xi−1)

xi − xi−1
(xi−xi−1) = F (b)−F (a).

�a [\aa^Y abre YXY vi[]^YZ^ _Xv]\c^Yh`t^Y XYh^Ware^bZ^Y �

•
£Yh^]W\hbiYa\Xv]\c ^Y o bh l b[v^ {iY �XoX[\hbiY � V^o ^bYh bah ^bY �Yh^W� iZ^W �c^WaXoo^Y�
\Ya\hm o bh 1

n

�£Yh^W{\[[^Y u m k¥ k vxW ∫ a

0
x2 dx

c^W^reY^h o \Y∑n

i=1(i
a
n
)· a

n
=

(

a
n

)3 ∑n

i=1 i2 → a3

3

k
•
£Yh^]W\hbiYa\Xv]\c ^Y o bh l b[v^ {iY ª^giYahWXghbiY |_X	^bh^Y ~ � l b^W hWbjh o \Y Z\YY bW]^YZ�
n\YY \Xv Zb^ �xrg^ 1

x

k
•
_Y\[`hbare^ £Yh^]W\hbiYa{^Wv\eW^Y |wXahbhXhbiY u t\Wh k £Yh k~ � }XW bo �� u o bhh^[a t\Whb^[[^W£Yh^]W\hbiY g\YY o \Y Zb^ �\`[iWW^be^ e^W[^bh^Y k

•
}Xo^Wbare^
]W\±are^ p^Wv\eW^Y � bY ac ^aiYZ^W^ bY �iocbY\hbiY o bh Z^o ª^reY^W u c^]WxYZ^h
Z\ZXWre u Z\aa abre {b^[^ wh\oo vXYghbiY^Y Ybreh ^st[bmbh \Y]^c^Y [\aa^Y k

•
_Yn^YZXY]^Y � f [qre^Y�
pi[Xo ^Yc^W^reYXY]^Y u z bj^W^Yhb\[] [^breXY]^Y � ¥^b zV� a bah eb^WbYac ^aiYZ^W^ \Y Z^Y �`t ¬�W^YYXY] Z^W p\Wb\c [^Y­ ]^Z\reh k
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